encompassing both breakup regimes for droplets stabilized by internal viscosity and interfacial tension down to the micrometer length scale, which covers both the inertial and dissipation subranges. The model performance ensures the reliability of the framework, which involves different mechanisms. It retains the breakup rate for inertial models, improves the predictions for the transition region from inertia to dissipation, and bridges seamlessly to Kolmogorov-sized droplets. The pioneering models for breakup were formulated by Rayleigh in the nineteenth century for jet flows, and considered dynamic stresses and surface tension. 3 Taylor, 4,5 on the other hand, has shown the relevance of viscous stresses for droplet distortions when the droplets are very small or when the continuous phase is highly viscous. Balancing the deforming and stabilizing stresses, Hinze has proposed a formulation for the maximum stable droplet diameter (d max ) for dispersion in turbulent flows. 6 The above advancements have paved the way for further developments in the field. Typically, the ratio between counteracting stresses acting on fluid particles represents a dimensionless number that indicates the probable breakup mechanism. For instance, when inertia is the principal cause of breakup, a critical Weber number is quantified, and the break up takes place above this number; examples can be found in Reference [7] [8] [9] . The other scenario is the definition of a critical Capillary number (i.e., the ratio of viscous stress over surface stresses) for viscous laminar flows. [10] [11] [12] Although the dimensionless numbers are a relevant means for interpreting the breakup process, relying on dimensionless numbers to explain the complicated physical phenomenon that occurs during the breakup in turbulent multiphase systems is too simplistic. 13, 14 Thus, later breakup models are inclined toward the dynamics of bubble or droplet collision with a turbulent structure, which has a limited length scale.
Extensive research has been conducted on developing breakup models.
Refer to References [15] [16] [17] [18] [19] [20] [21] [22] [23] for some of the most used models, and refer to References [24] [25] [26] for review articles.
The conventional strategy in previous models has assumed that the inertia force due to the interaction of vortices and droplets is the main reason for the breakup of fluid particles. The interaction is mathematically formulated as a frequency term multiplied by a probability function, or the breakup rate itself is modeled as the inverse of breakage time.
However, most models account only for the inertial subrange of isotropic turbulent flows. Therefore, they are unable to provide reasonable predictions of the breakup rate for droplets with diameters outside the inertial subrange and require high Re numbers. For example, for high viscosity emulsions in stirred vessels, it is likely that droplets experience a high dissipation rate of turbulent kinetic energy in the vicinity of the rotational zone, which may lead to droplets smaller than the Kolmogorov length scale (i.e., η). The monotonous increase in the functional form of conventional models, however, yields either negligible breakup rates or extremely large values for very small or very large mother droplets. This can be translated into the fact that the breakup mechanism for all mother droplets is similar, regardless of their diameters, in accordance with the turbulent energy spectrum. Furthermore, the viscous stresses acting on droplets due to the mean velocity gradient of the continuous phase and the internal viscosity of the fluid particles as a stabilizing stress are not often considered in classical breakup models, except for a few works that have addressed the importance of these stresses during breakup. [26] [27] [28] [29] For instance, the models proposed by Håkansson et al 29 and Solsvik et al 26 include viscous stresses using the critical We and Ca numbers. The models, however, rely on calibration factors, and their performance have not been evaluated. Nevertheless, the turbulent viscous shear stress and the internal viscosity of droplets for the sub-Kolmogorov scale could be the determinant factors needed to understand breakup mechanisms. Table 1 summarizes the breakup models with regard to physical mechanisms and the subrange of the turbulent energy spectrum. The table
shows that the turbulent inertia stress due to the turbulent structures of diameters within the inertial subrange has been the dominant theory of breakup modeling. Recently, a number of limited works have been published that include the possibility of breakup due to the turbulent inertia stress for the entire turbulent spectrum. [30] [31] [32] The validations in these works were carried out using rough estimations of turbulent properties.
We have addressed this limitation by validating a new extended model for a realistic system in chemical engineering for inertial and dissipation subranges. 33 The methodology proposed in the present work connects the breakup mechanisms across the entire spectrum of turbulence and includes all the disruptive and cohesive stresses. For instance, the new methodology accounts for the effect of turbulent viscous shear and the stabilizing effect of internal viscosity for high viscosity multiphase systems where the Ohnesorge number is not negligible.
Later in this article, we will show through practical examples how different stresses contribute to the breakup. There is also notable interest in the formation of droplets with diameters comparable to the Kolmogorov scale from the industrial standpoint, since droplet size distribution governs the stability and the rheology of the final product. For instance, Hinze 6 has formulated the following expression for the maximum stable droplet diameter (d max ):
In later studies, the effect of droplet viscosity as a stabilizing term that counteracts the turbulent fluctuating velocity of the continuous phase is included in the definition of d max . 34 42 What should be highlighted from the previous works on formulating equations for the maximum stable droplet diameter is that different breakup mechanisms occur in two distinct turbulent subranges (see Table 1 ). The first mechanism postulates that pressure fluctuation is the dominant disruptive stress compared to interfacial stress, whereas the viscous shear stress due to the velocity gradient in the continuous phase dictates the fragmentation phenomenon. The above classifications have also been verified with experimental evidences. 39, 41, 43, 44 It has unanimously been concluded that inertia stress is the main reason for breakup when the diameter for the stable droplet is larger than the Kolmogorov length scale (i.e., d max > η). On the other hand, d max < η specifies that the turbulent viscous stress characterizes the breakup in the dissipation subrange of turbulence. In practice, however, there is no distinct change in the Kolmogorov length scale, and this is, instead, a smooth transition around the value of η that must be captured by the kernel. The expressions proposed in the literature for the estimation of d max lack generality, and experiments should be carried out to obtain the proportionality constants for the desired operational conditions. Although semiempirical formulations of stable droplet diameters provide some insights into the breakup T A B L E 1 Conceptual summary of breakup models with regard to physical mechanisms and turbulent subrange 
Recent works 2016 [30] [31] [32] to 2018
Theoretical models based on the frequency of vortex-fluid particle collision and probability of successful breakup. 
| MODEL DESCRIPTIONS
The breakup of a fluid particle in an isotropic turbulent flow depends on balancing the summation of disruptive stresses due to the continuous phase, with the summation of the interfacial tension and the internal viscous stress of the fluid particle. The magnitude of stresses varies significantly, according to continuous phase hydrodynamics, and the dispersed phase fluid properties and droplet size. These changes consequently alter the breakup probability. Therefore, it is important to address how the changes govern the breakup. For example, for low viscosity fluid particles, the turbulent inertia stress from the interaction between the vortex and the fluid particle deforms the mother droplet, whereas interfacial stress resists deformation. For such a system, the internal viscosity of a fluid particle as well as the viscous shear stress due to the mean flow velocity gradient can be safely omitted, as shown experimentally by Ashar et al. 46 On the other hand, the effect of turbulent viscous shear stress and the internal viscous stress for micron-sized droplets determine the breakup mechanism. It should be noted that the effect of surface additives on interfacial stress is not accounted for in the current work. This is similar to previous studies devoted to the development of breakup kernels for chemical engineering applications. In other words, the model determines application where the interfacial stress is quantified by Laplace stress. Table 2 To close the equation set for stresses (i.e., Equations (2)- (5)), the functional forms of u λ , G and τ ext should be clarified. The term u λ defines the mean turbulent fluctuating velocity for the vortex of the length scale λ, and it is approximated by the Kolmogorov second- Table 2 , is the local deformation rate imposed by the velocity gradient of vortices. The shear between the droplet and the turbulent structure caused by the velocity gradient is the main reason for the deformation. The velocity fluctuations at two points in the flow field are assessed by the structure function, which is the equivalent of the energy spectrum in spatial space, and it defines how the velocities at two points are correlated. Thus, the deformation rate can be 
formulation of the external stress in Equation (5) (i.e., τ ext ). Thus, we have adopted the general form of external stress that reads as 35 :
where E(κ) is the turbulent energy spectrum, and κ min and κ max identify the effective range of wave numbers. This study assumes that the minimum effective size of turbulent structure is half of the Kolmogorov length scale, since below this limit the number density of vortices is negligible. Further, different limits have been exploited in the literature for the maximum effective size of turbulent structure, including, 3d 0 , 5d 0 , and 10d 0 . [21] [22] [23] 51, 52 In the present work, λ/d 0 ≤ 10 is employed as the upper limit of the vortex size. More details on the choice of integration bounds are provided in this section. Subsequently, the final form of the internal viscous stress for the subKolmogorov scale depends on both the dispersed phase and continuous phase properties. It is important to note that, for high viscous droplets, breakup occurs after continuous stretching of the fluid particle. Thus, scaling the internal viscous stress with the diameter of a spherical droplet might lead to error. This approach has, however, been applied in previous investigations including the effect of internal viscosity for breakup rate models. 20, 26, 29 In this work, we compare three different shapes, including sphere, cylinder and prolate ellipsoid, to account for the deformed shape when determining internal viscous effects. Andersson and Andersson 53 have used high-speed imaging to observe sequences of deformed droplets. They found that the aspect ratio of the deformed droplet can be up to five times larger than the mother droplet. Thus, the aspect ratio of five for the cylinder and ellipsoid is assumed when estimating internal viscous stress.
Recent advances in turbulence theory, improve the simplifying assumption that binds breakup only to the inertial subrange. Limited efforts have been made to extend the energy spectrum to cover dissipation, inertial and energy-containing subranges. Table 3 .
In order to mitigate the limitation of the inertial subrange assumption, Equation (7) was substituted in Equations (2), (3), and (6) to account for the entire spectrum of turbulence while performing stress analysis.
However, for a practical computation and to justify the additional computational effort, this should be performed after identifying the turbulent properties of the flow. To indicate the various subranges of the turbulence, a viable option is the number density of vortices ( _ n λ ). The number density plot estimates the different length scales corresponding to the dissipation subrange, inertial subrange and the energy-containing subrange of turbulence. This allows determining where the mother droplet diameter is located with regard to the subrange of turbulence, and the Kolmogorov length scale, which in turn, governs the correct choice of formulation for the second-order structure function. In the proceeding analysis of the number density of vortices, we have applied the suggestion of Solsvik et al, 32, 57 to extend the formulation by Pope 48 for turbulent energy for the entire spectrum that reads as:
ð14Þ
T A B L E 3 Analytical solution for the second-order structure function
Note. And F, K and Γ are hypergeometric, Bessel, and gamma functions with
where L is the integral length scale, the model constants are p 0 = 2, β = 5.2, and the last two unknown terms c L and c η are functions of the turbulent Reynold number (Re L ) reported by Reference 32, 57 . In what follows, a breakup rate model is formulated that differentiates breakup mechanisms through stress analysis. The aim of the model is to address the current deficiency of a sound methodology for calculating specific breakup rate, when other stresses are more substantial than turbulent inertia stress. The model is constructed on the breakup rate model by Andersson and Andersson. 21 The choice of this modeling strategy is motivated by the fact that not only should an energy criterion be satisfied for the fluid particle to break, but it should also include a stress measure for the breakup of a fluid particle.
The energy criterion is to overcome the energy barrier due to surface energy, whereas the stress criterion evaluates whether the disruptive stresses surpass the cohesive stresses. The functional form of this model includes an interaction frequency term (
This mathematical paradigm has proven to be feasible in terms of accuracy and computational requirements.
16,21,52
The original model was constructed for the inertial subrange, and con- :
The breakup phenomenon described in Equation (17) is a statistically independent event. This means instead of assuming that turbulent structures bombard the fluid particle, the turbulent vortices independently interact with the fluid particle and there is no systematic accumulation of surface energy between the interactions. This has been also shown experimentally 21 and with high resolved simulations. 62 The former assumption (i.e., bombarding turbulent structures)
necessitates the definition of an arbitrary swept volume for formulating the collision terms, while the latter conditions the deformation of the fluid particle on a physical energy criterion. In that, the interaction of the turbulent structure with fluid particle must be energetic enough that within the lifetime of turbulent vortex the fluid particle surface deforms. Moreover, this definition clarifies that the deformation of the droplet is not caused by the energy accumulation due to a series of vortices colliding with the surface. It has also been shown that the specific breakup rate is independent of the integration limits. 21 The integration bounds for Equation (17) have insignificant effects on the final breakup rate. This is explained by using physical criteria including stress and energy for the breakup probability. The two criteria are not met for the small vortices, while very large turbulent structures, even though they satisfy both criteria, have low number densities and long life-times, resulting in trivial contributions to the breakup. For the lower integration limit, we have explored 0.1η < λ min < η, which shows no distinctive difference in the results. Furthermore, the reason for exploring a range for the lower integration limit is to consider subKolmogorov droplets for emulsions, and how they interact with vortices around the Kolmogorov scale. In this way, the asymptotic behavior of the model close to the Kolmogorov size is clarified. In fact, for such vortices, the number density of turbulent structures decreases approximately by six to ten orders of magnitude for the range of η to 0.1η. Figure 1 shows the normalized cumulative plot of breakup rates for two different systems (water-dodecane and water-rapeseed oil).
The details for these two systems are explained in Section 3. The interaction frequency is modeled as the number density of vortices ( _ n λ in Equation (14)) interacting with a droplet of diameter d 0 for a limited time.
F I G U R E 1 Normalized cumulative breakup rates for waterrapeseed oil 46 and water-dodecane
The time-scale t i in Equation (18) is defined as:
The time scale has been modified in comparison to the original model comprising the Kolmogorov timescale for droplets with diameters smaller than the Kolmogorov length scale. The probability term in Equation (17) is described based on the dimensionless energy and stress criteria required for the breakup.
The energy criterion in Equation (20) determines whether the available energy for the breakup can overcome the surface energy increase.
The exponential form of the probability function has been suggested by Luo and Svendsen 16 and experimentally confirmed by Kuboi et al, 63 χ energy = 0:3σπd
It should be noted that the structure function in the denominator of Equation (21) has been modified to include the entire spectrum of turbulence. The first term in the denominator of Equation (21) includes the average vortex energy for vortices smaller than the diameter of the mother droplet. The second term, on the other hand, estimates the energy of vortices larger than d 0 ; such an approach assures that the contributions of all vortices have been accounted for. In addition, the stress criterion has been updated to include all the stresses summarized in Table 2 , and according to the system under investigation, their relevance are determined in the results for the breakup rate to allow seamless transition. Equation (22) has been introduced to update the stress criterion, and it comprises all the available disruptive and cohesive stresses. This can be interpreted that as a generalized indication that the constituent stresses for the breakup process have been balanced. Note that the linear summation of the stresses was inspired by previous work in high-viscosity droplets, where the internal viscous stress is added to the interfacial stress. 20, 27, 64, 65 Alternatively, one can choose the maximum of the disruptive and cohesive stresses for calculating the balance between the stresses and predicting the stable droplet diameter. However, the linear summation was applied in this work to consistently account for all the stresses for the validation studies.
The above concept of breakup modeling enables us to incorporate alternative breakup mechanisms by utilizing all the disruptive and cohesive stresses. It also accounts for the droplets smaller than the Kolmogorov length scale by estimating the structure function for the entire spectrum of turbulence and updating the associated timescale for the interaction frequency term. As a general guideline to use the modeling strategy, one should, as a first step, evaluate the number density of vortices. The analysis of the _ n λ plot in conjunction with the Kolmogorov length scale is then compared to the range of available mother droplet diameters. The comparison identifies the correct expression for the second-order structure function to use. The next step is to perform stress calculation with the specific objective of pinpointing the crucial stresses (see Figure 2) . The specific breakup rate that is coupled with the results of stress analysis and the number density of vortices are eventually calculated.
| RESULTS AND DISCUSSION
The main objective is to demonstrate that different physical phenom- Table 1 ). Before evaluating the model performance, it is important to understand how the choice of formulations for the second-order structure function can alter the magnitude of disruptive stresses and eventually the breakup mechanisms. Thus, F I G U R E 2 Schematic representation of calculations in the new breakup framework an example of applying different formulae (the Kolmogorov expression and Equation (7) for the entire spectrum) was used to calculate the disruptive stresses. Yet, the breakup rate models available in the literature do not include the viscous shear stresses as one of the disruptive stresses that contribute to the breakup and cannot successfully be applied to predict the breakup rate.
| Inertia stress-inertial subrange
This subsection starts by evaluating the different stresses employed for the specific breakup rates in a liquid-liquid system with mother droplet diameters well within the inertial subrange. Andersson and Andersson, since the latter is formulated for the inertial subrange of turbulence. In fact, the overlap of the two plots in Figure 5 further supports the idea that fluid particle breakup is controlled by the counteracting turbulent inertia and interfacial surface stresses (i.e., an inertia-dominant breakup mechanism).
| Inertia stress-transition from inertial to dissipation subrange
Turbulent inertia stress can be the prevailing disruptive stress for fluid particle breakup, with diameters stretching from the inertial subrange into the dissipation subrange of turbulence. This is the second relevant zone for the breakup phenomenon as shown in Table 1 . The model in the transition zone is validated through a comparison of breakup rate predictions with direct measurements, and estimation of maximum stable droplet diameter by applying stress analysis. The raw experimental data were obtained from Ashar et al, 46 who performed measurements in a rotor-stator mixer with water as the continuous phase and rapeseed oil as the dispersed phase. The dissipation rates of turbulent kinetic energy were determined from PIV data using two different approaches that included subgrid scale dissipation (SGD) and intermediary eddy length scale (ILT). 66, 67 The maximum difference between these two methodologies was found to be 35%. Given the number of stable and broken droplets in this experimental set, the Jackknife method was used to approximate the level of uncertainty for the breakup rate predictions. This method is based on leaving out one observation at a time to provide jackknife samples. 68 The resampling method then led to small error bars compared to the scale of the plots.
Moreover, one must note that even though the high-speed imaging technique is a nonintrusive measurement method and does not disturb the flow, there is inherent uncertainties in representing a threedimensional phenomenon by two-dimensional images. For instance, the deformation and fragmentation of droplets in unreachable zones from the camera might raise uncertainties in registering the breakup details such as time scales and number of fragments. There is also a coupling ). This component of the breakup process is usually neglected in most breakup models.
The other essential message from the stress analysis is how the application of the entire turbulent energy spectrum can modify the magnitude of the turbulent inertia stress close to the dissipation subrange (i.e., d 0 = 100 μm). For instance, using the Kolmogorov structure function in Equation (2) to calculate turbulent inertia stress yields a disruptive stress that is approximately twice as large as that if the entire turbulent spectrum had been used, leading to excessive breakup rate.
This large value of disruptive stresses translates to higher specific breakup rates, and might mislead the interpretation of the breakup mechanism. Figure 6c validates the breakup rates with the measure- . Figure 6d shows the separate influence of the entire energy spectrum and the internal viscosity effects on improvements to the model. The figure shows that the two terms decrease the residual reduction in a cooperative way. Close to the dissipation subrange, the application of the entire energy spectrum contributes more to residual reduction, whereas including the internal viscous effect has a greater influence on larger droplets. It can be concluded that the breakup rate obtained for the minimum droplet size verifies the assumption that the breakup outside the inertial subrange requires the entire energy spectrum and accounting for the other stresses.
Theoretically, equating the disruptive and cohesive stresses introduced in Table 2 results in a droplet diameter that could be a representation of the maximum stable droplet size. There are, though, physical constraints that should be respected while carrying out the stress analysis. The size of the smallest vortex interacting with the droplet is limited by half of the Kolmogorov length scale, and the upper limit for the effective vortex size is λ d 0 ≤ 10. Moreover, to ensure that the movement of a maximum stable fluid particle is controlled by the vortex motion, the third criterion was established to investigate the value of the Stokes number for the maximum allowable vortex size. The Stokes number of less than or equal to unity is required to ensure that the droplet follows the flow field streamlines. interfacial tension is the controlling cohesive stress for the breakup.
However, for other cases, an ellipsoidal shape generally results in closer predictions of stable droplet diameter.
Analyzing the contributions of different stresses when obtaining the maximum stable droplet diameters, one can discern two distinct regimes for droplet breakups based on the operational conditions. viscous stress is present, the inertia is the prevailing factor for the breakup phenomenon. While Figure 8 shows a seemingly simple two blocks, each representing a breakup mechanism, it comprises a validation procedure for every data point based on evaluating the number density of vortices, stress analysis, and computing the breakup rates.
As an example, Figure 9 is to clarify the validation procedure for both inertia (e.g., V-C16-Br) and viscous (e.g., H-U23) regimes. The proposed modeling formulation provides a means to obtain not only the maximum stable droplet diameter but also the specific breakup rates of droplets with diameters either smaller or larger than the Kolmogorov length scale. Analyzing the stresses for low-viscosity droplets shows that the dominant stabilizing stress is the interfacial tension of small-sized droplets, which is larger than the summation of disruptive stresses. For high viscosity droplets, the stabilizing effect of internal viscous stress should be taken into consideration. The magnitude of the viscous shear stresses is comparable and, in some cases, even larger than the turbulent inertia stresses, which emphasizes the role of this stress component in the breakup mechanism. In other words, a breakup rate model formulation that does not consider the effect of viscous shear stress will be prone to error. Therefore, applying the new breakup rate model demonstrates that, firstly, the model predicts negligible breakup rates for experimental measurements of maximum stable droplet size, which confirms the flexibility of the model for sub-Kolmogorov droplets. Secondly, the stress analysis results ensure that the influential stresses are included in breakup rate modeling. Table 4 for abbreviations) [Color figure can be viewed at wileyonlinelibrary.com] application in future kernel developments. The structure function was implicitly validated through its application in the current breakup rate model. As the model filters out the effective size range of eddies, the integration limits can be limited to the length scales with the greatest contribution to the breakup. This could reduce the overall computational efforts.
| CONCLUSIONS
The developed modeling framework conceptualizes the possibility of different mechanisms for the breakup. It retains the breakup rates for a truly inertia-dominant breakup phenomenon, while it improves predictions close to the border of the inertial and dissipation subrange of turbulence. The major contributions of this work can be outlined as below:
• The proposed model differentiates the inertia and viscous regimes as breakup mechanisms through stress analysis.
• The breakup rate model utilizes no tunable parameters with respect to the disruptive and cohesive stress criteria applied, neither is the model sensitive to the integration limits. On the other hand, selection of different turbulent model terms influences the model predictions.
• Effects of all disruptive and cohesive stresses are included for breakup rate predictions, allowing the estimation of the maximum stable droplet diameter.
• The model is capable of predicting breakup rates for subKolmogorov droplets by recognizing the importance of the entire energy spectrum and internal viscosity.
• The model validations for inertial subrange, transition zone and dissipation subrange showed that the model considers the prominent breakup properties of different regions. 
